Topological photonics has emerged as a route to robust optical circuitry protected against disorder 1,2 and now includes demonstrations such as topologically protected lasing 3-5 and single-photon transport 6 . Recently, nonlinear optical topological structures have attracted special theoretical interest 7-11 , as they enable tuning of topological properties by a change in the light intensity 7,12 and can break optical reciprocity 13-15 to realize full topological protection. However, so far, non-reciprocal topological states have only been realized using magnetooptical materials and macroscopic set-ups with external magnets 4,16 , which is not feasible for nanoscale integration. Here we report the observation of a third-harmonic signal from a topologically non-trivial zigzag array of dielectric nanoparticles and the demonstration of strong enhancement of the nonlinear photon generation at the edge states of the array. The signal enhancement is due to the interaction between the Mie resonances of silicon nanoparticles and the topological localization of the electric field at the edges. The system is also robust against various perturbations and structural defects. Moreover, we show that the interplay between topology, bianisotropy and nonlinearity makes parametric photon generation tunable and non-reciprocal. Our study brings nonlinear topological photonics concepts to the realm of nanoscience.
. Recently, nonlinear optical topological structures have attracted special theoretical interest [7] [8] [9] [10] [11] , as they enable tuning of topological properties by a change in the light intensity 7, 12 and can break optical reciprocity [13] [14] [15] to realize full topological protection. However, so far, non-reciprocal topological states have only been realized using magnetooptical materials and macroscopic set-ups with external magnets 4,16 , which is not feasible for nanoscale integration. Here we report the observation of a third-harmonic signal from a topologically non-trivial zigzag array of dielectric nanoparticles and the demonstration of strong enhancement of the nonlinear photon generation at the edge states of the array. The signal enhancement is due to the interaction between the Mie resonances of silicon nanoparticles and the topological localization of the electric field at the edges. The system is also robust against various perturbations and structural defects. Moreover, we show that the interplay between topology, bianisotropy and nonlinearity makes parametric photon generation tunable and non-reciprocal. Our study brings nonlinear topological photonics concepts to the realm of nanoscience.
Most of the topological photonic systems explored so far have been based on waveguide geometries [17] [18] [19] , and the size of their building blocks is therefore larger than the wavelength of light. A zigzag array of coupled nanoresonators has emerged as the first nanoscale system with non-trivial topological states of light 20 , as has been observed experimentally in the reciprocal regimes of linear scattering 21, 22 and lasing from excitonic-polaritonic nanocavities at cryogenic temperatures 3 .
In our system, we use the intrinsic nonlinearity of silicon to generate a third-harmonic signal from such an array. The presence and interplay of Mie resonances of both electric and magnetic origin lead to an enhancement of the nonlinear light generation 23 . In addition, topological localization of the electric field at the edge of the array provides multifold enhancement of the nonlinear generation efficiency, which is also robust against perturbations. Figure 1a presents the concept of nonlinear parametric generation of light driven by topological edge states. In the simplest case, formation of the edge states is described by a polarization-enriched generalized Su-Schrieffer-Heeger (SSH)-type model 24, 25 with a gauge-independent Z 2 topological invariant 24 . An example of the experimentally studied topological zigzag array of nanodisks is shown in Fig. 1b . The nanodisks are 510 nm in diameter and 300 nm in height and are spaced with a gap of 20 nm. The samples were fabricated on a glass substrate using electron beam lithography (for details see Methods). We excited the zigzag array at 1,590 nm using femtosecond pulses from an optical parametric amplifier pumped by a mode-locked laser (see Methods). A spatial map of the thirdharmonic field in the 11-nanodisk-long zigzag array is shown in Fig. 2a for a horizontally polarized pump (corresponding to the electric field E along the x direction). Third-harmonic generation (THG) was observed at the edge, suggesting a topology-driven enhancement of the nonlinear effect. We studied the formation of edge states as a function of the length of the zigzag array, and the results are shown in Fig. 2b (additional information is provided in Supplementary Note 1 and Supplementary Fig. 1 ). THG was localized at the edge for all cases, with the degree of localization increasing with length in agreement with the topological nature of the system 26 . We also checked the formation of edge states by varying the polarization of the excitation; the results are shown in Fig. 2c (additional information is provided in Supplementary Note 2 and Supplementary Fig. 2 ). The experimental data follow the dependences predicted theoretically and observed previously in the linear regime 21, 22 ; rotation of the pump by 90° swaps the hotspots at the left and right edges.
Next, we proceeded with a systematic study of the robustness of the topology-driven THG against disorder. For this, we fabricated a number of 11-nanodisk arrays with randomly generated bond angles between each of the three neighbouring disks as illustrated in Fig. 3a . The disorder shifted each bond angle by a random value δ, homogeneously distributed between − Δ φ and Δ φ. Additionally, nanoparticles in the array were not allowed to overlap or form gaps smaller than 20 nm. An example of the fabricated arrays with artificially introduced disorder is shown in Fig. 3b .
This type of disorder is of special interest, both practically and theoretically, and can appear in self-assembled nanostructures such as chains of colloidal particles. From a theoretical point of view, bondangle disorder preserves the chiral symmetry of the Hamiltonian and the edge state energies 24 . This robustness can be clearly seen in the calculated disorder-averaged spectra of the photon density of states (DOS) versus the disorder parameter Δ φ (Fig. 3c) . The spectrum has a distinct gap with degenerate topological edge states for Δ φ up to ~20°. The edge states are topologically protected up to the point when the spectral gap collapses. We next calculated the field distributions excited in 10 4 random cases of disordered zigzags and confirmed that, while the spectral gap is open, the hot spots at the . Once the gap is quenched, the edge states are no longer topologically protected, and the probability of their formation drops rapidly (Fig. 3d) . We verified these predictions experimentally by fabricating and measuring a number of disordered zigzags with Δ φ ranging from 5° to 90°. Representative cases are shown in Fig. 3e , and an extended set of measurements is provided in Supplementary Fig. 3 . In our experiments, for Δ φ < 20°, the edge states were observed in all cases. For Δ φ > 20°, the number of arrays supporting edge states drops rapidly as Δ φ increases. Thus, the dependence of the observed nanoscale THG hot spots on pump polarization, structure length and disorder strength, as presented in Figs. 2 and 3, allows us to unambiguously attribute them to nonlinear light generation from topologically protected edge states. Our experiments were also corroborated by full-wave finite-element nonlinear numerical simulations of THG in COMSOL (for details see Supplementary Section 4 and Supplementary Figs. 4 and 5) .
Nonlinear light generation in topological nanostructures
Next, we proceeded with additional studies of THG in an undistorted 11-nanodisk zigzag array by varying the pump wavelength from 1,590 to 1,650 nm. The experiment was performed for two cases of illumination, from the air side and from the substrate side, and the results are summarized in Fig. 4 . We observed that the THG distribution does not change qualitatively for wavelengths up to ~1,605 nm. For longer wavelengths, when illuminating through the substrate (Fig. 4b ) the THG hot spot moves from one edge to the other, while for illumination from air (Fig. 4a) the position of the hot spot remains constant. Moreover, not only the position of the hot spot, but also the total integrated intensity of the THG signal depends strongly on the direction of illumination, which is a direct experimental signature of non-reciprocal photonic effects 27, 28 . To explain this behaviour, first we note that in this spectral range the response of an individual nanodisk is dominated by two overlapping resonances, the electric dipole (ED) and magnetic dipole (MD) resonances (see Fig. 5a for multipolar scattering spectra calculated in COMSOL, with details provided in Supplementary Note 5). The presence of a substrate (Fig. 5b,c) introduces a bi-anisotropic coupling between the ED and MD modes. Such coupling is not limited to the substrate effects, and it can be observed in other types of asymmetric scatterers 29, 30 (for examples see Supplementary Fig. 6 ). Specifically, the coupling suppresses the MD mode under illumination from air (Fig. 5b) and, in contrast, under illumination from the substrate the coupling enhances the MD mode (Fig. 5c) . The total linear scattering of a nanodisk placed on a substrate does not depend on the direction of the pump excitation (see the identical black curves in Fig. 5b,c) , as required by reciprocity in the linear regime. We next calculated THG from the nanodisks using the bulk nonlinearity of silicon as the source of nonlinear effects. Because THG depends on both the properties at the fundamental wavelength and the properties at the harmonic wavelength 31 , we performed multipolar decompositions of the THG fields (for details see Supplementary Fig. 7) . The response at the third-harmonic frequency is dominated by the MD mode because of the stronger field localization and has smaller contributions from the other multipoles.
After extracting the approximate scattering parameters for a single nanodisk from our numerical calculations, we introduced a simplistic discrete dipole model for a zigzag array of N coupled nanodisks (for details see Methods). For the case of decoupled ED and MD modes, our system splits into two non-interacting generalized SSH models. The magnetic and electric energy spectra in this limit are shown in Fig. 5d . The gap for the ED spectrum is wider than that of the MD as this resonance is broader. As the order of strong and weak coupling is opposite for the electric and magnetic models 22 , their edge states are localized at the opposite edges of the array. We now added bi-anisotropic coupling between the ED and MD modes and proceeded with the THG modelling. Because THG at the MD resonance is known to be up to two orders of magnitude stronger than that at the ED resonance 23 , we assumed that the THG intensity was proportional to the sixth power of the MD amplitude |m| 6 . Thus the ED mode renders the THG distribution only indirectly via its bi-anisotropic coupling to the MD mode. Letters NaTuRe NaNOTecHNOlOgy
When the array was pumped with the frequency localized inside the gap of the MD spectrum (purple region in Fig. 5d,e) , we observed a multifold enhancement of the THG efficiency at the left edge of the array due to the topological MD edge state. Within the bandgap, the THG distribution was robust against both a change of the pump frequency and a change of the direction of illumination. Thus, the nonlinear generation of light was strongly enhanced and protected by the topological edge state. This regime corresponds to the experimental observations around the 1,590 nm pump wavelength.
As the pump frequency was detuned further (blue region in Fig. 5d,e) , it still remained in the gap of the ED spectrum; however, it excites MD bulk modes. Here the interplay between coupled bulk MD modes and topological ED states at the right edge leads to a strong dependence of THG on both wavelength and direction of illumination, and, in particular, to switching of the hot spot from the left to the right edge (Supplementary Note 6 and Supplementary  Figs. 8-12 ). Thus, in our theoretical model the combination of bianisotropy with nonlinearity results in non-reciprocal THG (Fig. 5e) . This agrees well with our experimental results, shown in Fig. 4 .
Our findings suggest novel opportunities for active and nonlinear topological photonics enabling enhanced and robust light generation at topological edge states, and opens the way to novel nonlinearity-induced topological effects. Previous studies of all-optical nonlinear nonreciprocal effects 13,15,27,28,32 focused on light propagation and frequency conversion in one spatial direction. While the . Insets, Representative cases of third-harmonic distribution for wavelengths 1,590 nm, 1,620 nm and 1,650 nm, respectively. In the insets for each wavelength, the third-harmonic intensity for substrate illumination is normalized to the intensity for air illumination, with the difference reflected in the scale bars located on the side of the corresponding THG distribution maps.
Letters
NaTuRe NaNOTecHNOlOgy recent observations of photonic Weyl points 33 and proposals of three-dimensional photonic topological insulators 30 suggest dramatically richer linear optics in three dimensions, omnidirectional and volumetric control of photons in nonlinear processes remain practically uncharted. In this regard, our results provide the first step towards fully three-dimensional guiding of light topologically protected from disorder.
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